A theorem of Wintner concerning sufficient conditions for a system y' = A(t)y to have linear asymptotic equilibrium is extended to a system x' = A(t)x + f(t, x). The integrability conditions imposed on / permit conditional convergence of some of the improper integrals that occur. The results improve on Wintner's even if / = 0.
y' = A(t)y, t>0, is said to have linear asymptotic equilibrium if for each constant vector c there is a solution of (1) such that lim,.,^ ^(r) = c. It is well known that (1) has this property if A is continuous and (2) f\\A(t)\\dt< oo.
Wintner [5] attributed this result to Bêcher and improved on it as follows.
Theorem 1 (Wintner) . Let A be continuous on [a, oo) and suppose the integrals /oo AJ_x(s)A(s)ds, K;<iK-/), converge, and /oo \\Ak(t)A(t)\\dt < oo.
Then (1) has linear asymptotic equilibrium.
Notice that (3) is vacuous and (4) reduces to (2) when k = 0.
Here we apply Wintner's idea to the system (5) x' = A(t)x +f(t,x).
We give sufficient conditions for (5) to have a solution x such that (6) lim x(t) = c t-KX for a given constant vector c. The assumptions on / in our main theorem apply only "near" the set {(t,c)\t > a). Our integral smallness conditions permit conditional convergence of some of the improper integrals that occur. This continues a theme developed previously in [3 and 4] . (See also Hallam [1, 2] .) The idea of dealing with the iterated integrals (3) is due to Wintner [5] . Throughout the paper k is a nonnegative integer. It is to be understood that conditions stated for 1 < j < k are vacuous if k = 0, and that Z°_ x = 0. Our results apply with x, A, and / real-or complex-valued. Improper integrals occurring in hypotheses are tacitly assumed to converge, and the convergence may be conditional except when the integrand is obviously nonnegative. We use "0" and "o" in the standard way to indicate orders of magnitude as t -» oo.
To indicate the direction of proof of our main theorem, it is convenient to state part of its hypotheses here.
Assumption A. Let w be continuous and nonincreasing on [a, oo), 0 < w(t) < 1, and suppose that either lim,^xw(t) = 0 or w = 1. Suppose A is continuous on [a, oo) and A] in (3) exists for 1 <y < k. Let c be a given constant vector, and suppose there is a constant M > 0 such that / is continuous and
where R(t, X) is continuous on {(t, X)\t > a, 0 < X < Mw(t)} and nondecreasing in X for each t. We define Yk = Z*_0^7-, and observe from (3) that (9) r; = -r,_^, k> 0(1^ = 0).
Moreover, since lim,^^ Tk(t) = I, Yk is invertible for large t, and lim,^^ Tk1(t) = /. Now let r0 > a he such that Tkl exists on [t0, oo). For convenience below, we 
'(t) = rk'i(t)[Tk_x(t)A(t)(Tx)(t)+Ak(t)A(t)x(t)}+f(t,x(t)),
where we have used (9) and the fact that (T^1)' = -T^T^T^1. Therefore, if T has a fixed point (function) x0 in V[t0, oo), we see on setting Tx = x = x0 in (15) that
(since Tk_x + Ak = Tk); i.e., x0 satisfies (5). Moroever, setting Tx = x = x0 in (14) shows that x0 also satisfies (6).
The following theorem allows the integrals occurring in Tc (the function obtained by setting x = c in (14)) to converge conditionally, and exploits the rapidity with which Tc -c approaches zero for large / to restrict the set V[t0, oo) on which T From (10), (11), (18), and (19), we can assume henceforth that t0 is so large that the right side of (24) is < Mw(t) if / ^ i0. Then Now we show that T is continuous on V[t0, 00). Let {xj} be a sequence in V[tQ, 00) which converges to a limit x in V[t0, 00). From (10), (11), and (23).
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The integrands here converge to zero on [r0, 00), and they are dominated by 2M||,4*(j)/4(j)|K$) and 2R(s, Mw(s)), respectively. (See (7) and (12).) Therefore,
and Lebesgue's dominated convergence theorem imply that the integrals approach zero as j -» 00. Hence, {Txj} converges to Tx uniformly on [i0, 00), and therefore T is continuous on V[t0, 00).
From (12) and (25), T(V[t0, 00)) is equibounded on finite intervals. This, (15), and Assumption A imply that r (F[i0,oo) ) is also equicontinuous on finite intervals. Now we have verified the hypotheses of the Schauder-Tychonov theorem, which implies that Tx0 = x0 for some x0 in V[t0, 00). Setting Tx = x0 in (24) and invoking (10), (11), (17), and (18) (17), (28), and (31) shows that 8 < a + 88, which proves (27).
It is worthwhile to state Theorem 2 separately for the case where w = 1, so that a and 6 are necessarily zero and (19) is automatic. for some w as in Assumption A. Then (1) has linear asymptotic equilibrium.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
